It is assumed that, for weak spacetime curvature, the main gravitational effect of the quantum vacuum stress-energy corresponds to adding a term aR 2 to the EinsteinHilbert action. It is shown that compatibility with Solar Systems observaction implies a≥0, √ 6a<50000 km. The influence of the term in the equilibrium and stability of white dwarfs is studied. Properties of the interior of the Sun provide the bound √ 6a<7800 km.
I. Introduction
In the study of quantum fields in curved spacetime it has been stablished that the quantum vacuum gives rise to a finite, non-zero, energy, 1 .
2 Furthermore, many effects have been attributed to the gravity of the quantum vacuum, like the recently observed acceleration in the expansion of the universe.
3 However the precise value of the stress-energy associated to the vacuum or its dependence with the curvature is not known. Here I shall use a phenomenological, rather than fundamental, approach assuming that the gravitational effect of the quantum vacuum, in the semiclassical approximation, is equivalent to using a f (R) term, rather than the usual EinsteinHilbert action, R being the curvature scalar. Introducing the quantum vacuum effects in this form guarantees that the vacuum contribution fulfils the standard conservation laws, that is the stress-energy tensor is divergence free. Specifically I will assume that the action may be written
where S is the matter action, k = 8πG, G being Newton constant, and I shall use units c = 1 throughout. Actually f (R) gravity has been an active field of research in the last few years (for a review see Sotiriou and Faraoni. 4 ) However most of the articles devoted to the subject are related to cosmology, which is not our aim here. Without excluding the possibility that the expansion of the universe derives from the quantum vacuum, our purpose will be to explore the possible influence of the vacuum energy in the structure of stars.
I shall study cases where the space-time curvature is weak and thus assume that the function f (R) may be approximated by a polynomial of second degree, that is f (R) = R − 2Λ + bR + aR 2 .
The first term of the right hand side is the standard general relativistic term. The next term corresponds to a possible cosmological constant, which I shall ignore in the following because its effects would be negligible in the study of stars. I assume that the latter two terms (and possibly the cosmological one) derive from the quantum vacuum. In most of the paper I shall assume that a > 0 because the choice a < 0 gives rise to serious difficulties. 4 The field equations corresponding to eq.(2) are
Retaining only the general relativistic term in the left hand side, I may rewrite this equation in the form
where T mat µν is the stress-energy tensor of the matter and T vac µν that of the quantum vacuum. That is, I assume that the latter is given by
We may write the vacuum contribution proportional to b on the left hand side of eq.(4) , which leads to
where
Passing from eq.(4) to eq.(6) is formally equivalent to putting b = 0 in eq. (5) and redefining appropriately the gravitational constant k, the parameter a and the vacuum stress-energy tensor, T vac µν . Following Zel´dovich 5 we might name "true vacuum polarization" the vacuum stress-energy tensor resulting after renormalizing the gravitational constant as in the passage from k to k * . But I stress that this does not mean that the vacuum contribution corresponding to the term bR in eq. (2) is small. In the following I shall call vacuum stress-energy tensor the one given by eq.(6) and remove the "star" symbols, that is I shall write a, k and T vac µν for a * , k * and T * vac µν , respectively.
I will use eqs. (6) and (7) as starting point for the rest of the paper, but written in terms of Einstein´s tensor G µν rather than Ricci´s tensor R µν . The relation between G µν and R µν is given in the first eq.(4), whence the relation between the respective traces follows, that is G = −R.
Hence eqs.(6) and (7) may be rewritten
Taking the trace of this equation we get
where I have assumed local isotropy for matter, that is equality of radial and transverse pressures. We may eliminate G amongst eqs. (9) and (10) which gives
It is easy to check that taking the trace of eq. (11) gives again eq.(10) .
Our task will be to solve eqs.(11) (or eqs. (9)) for a star, that is a body with spherical symmetry in a static spacetime, with the condition that the metric is asymptotically flat (Minkowskian). I will use standard (curvature) coordinates with metric
In a static problem of spherical symmetry there are only 3 independent components of Einstein´s tensor, namely
, which are well known functions of the metric parameters α and β 6 . Thus we have 4 independent equations, namely the 3 eqs.(11) plus a relation between density and pressure. In particular for a star in equilibrium the latter relation is the equation of state of matter, i, e, p mat = p mat (ρ mat ). We have also 4 unknown functions, namely α (r) , β (r) , ρ mat (r) and p mat (r). The solution of these equations is involved in general, although some exact solutions have been found. 7 Here I shall consider problems where some approximations are valid which dramatically simplify the calculations.
II. Constraints due to Solar System observations
The solution of the field equations outside a spherical star, with a general f (R), has been studied recently by several authors. 8 The interest of the problem is that it puts constraints on the functions f (R) in order to be compatible with known facts in the Solar System. Here I shall make a calculation for the particular case of the function eq. (2), with the purpose of finding the range of values of a compatible with Solar System observations. In order to solve eq.(10) we may approximate the operator by the flat-space Laplacian operator ∇ 2 , which is valid for a static field when the curvature of space is small. I shall start with the case a > 0. Thus eq.(10) may be solved with Green´s function method and the result is, outside the star
(13) An approximation has been made due to the fact that
In a Newtonian star we may assume that both p mat and ρ vac are small enough inside the star for the approximation being valid. It is obvious from eq.(13) that, if there was no vacuum contribution, that is a → 0, we would get G = 0 outside the star as it should. Now we shall solve the equations for the components G 
where δ 1 µ δ 1 ν means that the last term is present only for the component G rr of Einstein´s tensor (in order to avoid confusion with the radial coordinate I shall substitute 1 for r as an index in the following.) From eq. (13) we see that 2aG is order kM/R << 1. It may be realized that also the terms involving G 2 are order kM/R with respect to g µν G. Therefore all these terms may be neglected and eq. (14) becomes
The affine connections Γ 1 tt and Γ 1 11 are order kM/R, whence the terms involving them may be neglected. To the same order we may approximate
After that eqs.(15) lead to simple expressions outside the star, where T mat = 0, namely
It is easy to check that the vacuum density and pressure fulfil the equality
with G given by eq.(13) . Now we must find the metric functions α (r) and β (r) . They may be obtained from the well known relations
Inside the star we get from eqs. (10) and (15)
whence, taking eq. (13) into account, we obtain
Outside the star we shall use eq.(17) for G t t , thus obtaining
In the second eq. (20) we may approximate exp(α) by 1 + α in the first term and by 1 in the second one. Thus, taking eq.(21) into account, we obtain outside the star
This should be integrated with the condition β (r) → 0 for r → ∞, which corresponds to identifying the coordinate t with the proper time of an observer at infinity. This gives
It may be checked that eqs. (21) and (22) in terms of α and β.
In order to know whether these results are compatible with Solar System observations we may calculate the PPM parameter γ = −α/β with α and β given by eqs. (21) and (22) , respectively. We get
This shows that when x >> 1 we have γ = 1 with an exponentially small error, but when x << 1, therefore X << 1, γ ≃ 0.5. The former (latter) case corresponds to √ 6a much smaller (larger) than the typical size of the Solar System. The result for large a is in agreement with previous calculations.
8 Solar System observations lead to γ = 1 + (2.1 ± 2.3) × 10 −59 . It may be realized that x = X ≥ 13 is compatible with this value of γ and for any x > X ≥ 13 the parameter γ is even closer to unity. We conclude that the theory resting upon eqs. (4) and (5) is compatible with Solar System observations whenever the parameter a fulfils
For the sake of completeness let us consider now the case a < 0. In this case we get outside the star, instead of eq. (13) ,
It may be realized that the limit a → 0 is singular, which suggests that the parameter a cannot be small. Furthermore eq.(25) shows that the vacuum density near the Sun would be of order M/(|a| R), incompatible with observations except if |a| >> R 2 .
With steps similar to those leading to eqs.(17) to (22) , we get
Hence the PPM parameter γ is
For x = X, that is near the surface of the Sun, γ is close to 1 only for values of X such that X tan X ≃ −2 but, for these values of X, γ is very different from 1 whenever x is not very close to X. We conclude that the theory resting upon eqs. (4) and (5) is incompatible with Solar System observations for any a < 0.
III. Stability of γ = 4/3 polytropes. Application to white dwarfs
In order to know the vacuum stress-energy tensor in the interior of a star we must solve eq. (9) . An exact solution is rather involved and, in addition, it presents the problem that it is a (nonlinear) fourth order differential equation. Thus we need fixing 4 boundary conditions, which may give rise to some ambiguity. Here I shall search for solutions appropriate for stars which may be treated as Newtonian with small corrections, that is excluding compact objects like neutron stars. In this case 2aG << 1 and eq.(15) is a good enough approximation. If we combine it with eq.(6) (this one with the "star" symbols removed) we get 
Also it is easy to get the mass inside a sphere of radius r, that is
An interesting consequence is that vacuum effects do no contribute directly to the mass of the star, that is m vac (R) = 0 because dρ mat /dr is zero at the star surface. In the following I shall apply these results to the study of stability of polytropes, that is Newtonian stars with equation of state of the form p = Kρ γ . It is well known that polytropes are stable if γ > 4/3 and unstable if γ > 4/3. If γ = 4/3 the stability depends on small corrections. In particular, general relativistic corrections produces unstability, although other corrections may compensate for that. The most relevant types of star which may be treated as γ = 4/3 polytropes are white dwarfs and supermassive stars. Both are stable when the internal energy is large enough, but become unstable after radiating a fraction of that energy. In both cases it is assumed that a source of unstability are the relativistic corrections, although in some white dwarfs also neutronization of the core may induce unstabilility. In this section I study how the vacuum corrections, assumed in the present paper, influence the stability of these polytropes. I shall study white dwarfs but not supermassive stars. Indeed the latter are hypothetical and observations on them are nil or scarce. In addition the possible corrections due to the quantum vacuum, as they are proposed in the present paper, would be very small because typical dimensions of supermassive stars are far larger than the limit eq.(24) .
White dwarfs are formed from ordinary stars after a period of cooling. The theory here considered corresponds to stars sufficiently cold to be treated as if the temperature is zero. Then the binding energy of a star is given by
where M is the mass, N its baryon number, R the radius, m H the mass of the hydrogen atom, ρ (r) the mass density, n (r) the baryon density and G is Newton constant (no confusion should arise with the Einstein tensor because we will no longer use G for that.) The last expression of eq.(29) corresponds to the Newtonian approximation, the first term being the internal energy and the second one the gravitational energy (see, e. g. Ref.
10 for details). Corrections of general relativity have been calculated to first order in GM/R with respect to the Newtonian energy. Here I shall calculate vacuum corrections to first order in the parameter a starting from the Newtonian approximation, last expression of eq.(29) .
The vacuum correction to the energy, E vac , modifies the density, ρ (r) , and hence the mass, m (r) , with the addition of terms which should be taken from eq.(27) . Thus eq. (29) leads to
where I have substituted ρ mat for m H n, which is valid to our order of approximation. The first term is zero (it equals m vac (R) , see eq. (28)). It is interesting that vacuum corrections do not modify the internal eneregy (first term of eq. (29)) but only the gravitational energy, making it less negative. After appropriate integrations by parts the second term leads to
where ξ and θ are the Lane-Emden variables, ρ c is the central density and the integral has been calculated numerically. Adding the vacuum correction, eq.(31) , to the standard expression for the energy we obtain from eq.(29),
where I follow the notation of Ref., 10 M Ch being the Chandrasekhar limiting mass. The first term in eq.(32) is the Newtonian energy, the second is due to the departure of the equation of state from a γ = 4/3 polytrope, the third one is the correction of general relativity and the last term is the vacuum correction. For a given mass, the central density of equilibrium is obtained when dE/dρ c = 0, which leads to For a mass, M, well below the Chandrasekhar limit the terms with D and F may be considered small in comparison with those with B and C and the central density of equilibrium is
When M approaches the Chandrasekhar limit, M Ch , eq.(34)diverges and the approximations leading to it are not valid. I shall not attempt to solve eq.(33) for M close to M Ch , which would be cumbersome and not very interesting. When M >> M Ch an approximate solution of eq.(33) is again possible, leading to the simple expression
Stability requires that
When dE/dρ c = 0 the stability condition leads to Cρ
If F = 0, equilibrium is stable for any mass below a limit smaller than but close to the Chandrasekhar mass. In the limit the star will possess a central density
where µ e is the number of baryons per electron (µ e ∼ 2). If F > 0 stars may be in equilibrium for any mass, as said above. It is remarkable that the hydrostatic equilibrium is always stable, i. e. for any mass, M, and for any value of F > 0. In fact eq.(33) may be rewritten 3F Mρ
so that eq.(36) holds true (taking into account that B, C, D > 0, M > M Ch .) Actually this result is rather academic because for small F , that is the parameter a below the limit eq.(24) , central density of equilibrium of stars with M larger than M Ch would be so large that the star becomes unstable against neutronization. In summary, vacuum corrections give rise to dramatic changes in the hydrostatic equilibrium and stability of white dwarfs, but these changes give rise to very small observable effects because they are hidden by the existence of unstabilities due to neutronization.
IV. Hydrostatic equilibrium. Application to the interior of the Sun.
In order to see the effect of the vacuum contributions on the structure of stars we shall write the hydrostatic equilibrium equation appropriate for local anisotropy, that is radial pressure different from transverse pressure. (Local anisotropy is due to the vacuum contribution, as seen in eqs.(27) , but we assume that matter radial and transverse pressures are equal.) We have 11 dp r dr
Taking into account eqs. (27) and (28) this leads to dp
It is interesting the cancellation dp vac r dr + 2 r (p r − p θ ) = dp Assuming that both the relativistic and the vacuum corrrections are small, eq.(40) may be approximated as dp
It may be realized that the first factor on the right side represents the Newtonian approximation, the 3 terms labelled GR are the well known corrections of general relativity and those labelled vacuum are corrections due to the vacuum stress-energy.
The former (latter) are order GM/R (order a/R 2 ) with respect to the Newtonian approximation. I have ignored terms which are both vacuum and general-relativistic corrections, that is order GMa/R 3 with respect to the Newtonian approximation. As may be seen, and it is well known, the three relativistic corrections inside the bracket are positive, that is every one contributes to the increase of gravitational effects. In contrast the second terms of vacuum is negative in the central region of the star because d 2 ρ mat /dr 2 is negative there. However the first term is positive everywhere and the second one is also positive near the surface. Consequently no conclusion is possible about whether the vacuum corrections increase or decrease the effects of gravity in comparison with the Newtonian approximation. The relative importance of the vacuum and general relativistic corrections may be estimated from the ratio of the first vacuum correction to the first relativistic correction in eq.(41) . It is
In Newtonian stars the first factor on the right side is small, as shown in the second section, and the second factor is large. Thus no conclusion may be reached (in any case both corrections are small). In compact objects like neutron stars the second factor is order unity and the first one might be large. Therefore the vacuum corrections could be relevant. However in these stars many of the approximations leading to eq. (41) are not valid and a calculation starting from eq.(11) would be necessary. In the following I study the effects of the vacuum corrections in the internal properties of the Sun. I shall consider, in particular, the change in central pressure due to the correction terms given in eq.(41) . The change in the central pressure will be
An integration by parts of the second term gives an integrated part which is zero, a term which combines with the first one and can be integrated easily and a new term. In fact we have
The integral in the second term may be performed numerically using data of the calculations made by Bahcall et al.. 12 The result is conveniently written as follows where m H is the mass of the hydrogen atom and the factor 1.19 is the mean number of particle per baryon, which derives from the chemical composition in center of the Sun that is 35% hydrogen and 65% helium. Hence we get
where the inequality follows from the bound eq.(24) . Actually it is unlikely that the calculations of the structure of the Sun give an error in the central pressure which surpasses 1%. 12 Indeed the results of the calculations agree very well with measurements of helioseismology and, after the discovery of neutrino oscillations, with the emission of neutrions. 13 Consequently the ratio eq.(43) should be, at least, 50 times smaller than the limit shown in that equation. Thus our knowledge about the interior of the Sun provides a bound more stringent than measurements in the Solar System, eq.(24) . The bound is √ 6a ≤ 1 90 R ⊙ ≃ 7800 km.
V. Conclusions
If we believe that the quantum vacuum in curved spacetime gives rise to some stress-energy, it is plausible that the gravitational effect of this contribution is equivalent to adding a term aR 2 to the standard term R of the Einstein-Hilbert action, at least if the curvature scalar R is small. The presence of this term should give rise to effects observable, in principle, in the Solar System. Then the present knowledge puts bounds on the possible values of the parameter a, namely 0 ≤ a < 6 × 10 8 km 2 . Also the vacuum stress-energy will produce some effects in the structure of Newtonian stars. In particular in white dwarfs it would produce stable hydrostatic equilibrium in stars above the Chandrasekhar limit, but the effect could not be observed because such stars would be unstable against neutronization. The effect of the vacuum stressenergy on the internal structure of the Sun should be very small because calculations, performed without considering that effect, agree very well with observations. This provides a new bound on the parameter a which is about 50 times smaller than the one derived from observations in the exterior of the Sun.
